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Introduction: what is a crystal?

Since 1992 (IUCR) :

« A material is a crystal if it has essentially a sharp diffraction 
pattern »

èAll solids with long range order
(translation symmetry in spaces of dimension ≥ 3)

cf. article de B. Toudic, Reflets de la Physique 2015, vol 44-45

A crystal is a solid composed of atoms arranged in a motif
(or a pattern) that is periodic in 3 dimensions.

Nature Materials  10,   890–896  (2011)
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Introduction: the periodic crystals

Nature Materials  10,   890–896  (2011)

ex: CaCO3 (calcite)

B. Toudic, Reflets de la Physique 2015, vol 44-45

law of rational indices 

translation symmetry
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incommensurate crystals, modulated phases
Periodicity (order at infinite) cannot be described in a 3D space

calaverite Au1-xAgxTe
B. Toudic, Reflets de la Physique 2015, vol 44-45

Introduction: aperiodic crystals No translation symmetry
in the 3D space
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quasicrystals (1982, Nobel prize in chemistry in 2011)

ex : alloy AlPdMn

B. Toudic, Reflets de la Physique 2015, vol 44-45
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Introduction: aperiodic crystals No translation symmetry
in the 3D space



crystal ≠ glass
quartz

GeTe4

diffractogramme d’un verre silicaté
L. Cormier (IMPMC)

simulation (dynamique moléculaire) 

- CLSF 2026 - 6

Introduction: what is a crystal?



What you should have learnt at the end of the day

?

?

example 1 
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??? ?

?
?

Periclase = MgO

a-quartz = a-SiO2

example 2 
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What you should have learnt at the end of the day



??

?

example 3 
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What you should have learnt at the end of the day



example 3 

Extract of the space-group table of spinel
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What you should have learnt at the end of the day



example 1 

Space-group table of the Li-borate
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What you should have learnt at the end of the day



Course outline
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11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices
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aqua-marine

garnet
fluorine

CaF2

halite NaCl

©Collection de Minéraux de Sorbonne Université
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1- Symmetry observation in natural crystals



Highlighting mirror planes 
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• 3 mirror planes 
parallel to vertical edges
and cutting the hexagonal face 
edges in the middle

• 3 mirror planes 
parallel to the vertical edges and 
joining two corners opposite 
in the hexagonal face

aquamarine model: hexagonal-based straight prism

1- Symmetry observation in natural crystals



Highlighting 6-fold rotation axis

axis A6 or 6

φ =  60 °= 2π
6
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1- Symmetry observation in natural crystals



Highlighting  4-fold, 3-fold and 2-fold rotation axes

garnet

rhombododecahedron

(12-face polyhedron)
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1- Symmetry observation in natural crystals



axis A2 or 2

φ = 180 °= 2π
2

axis A3 or 3
φ = 120 °= 2π

3

axis A4 or 4

φ =  90 °= 2π
4
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Highlighting  4-fold, 3-fold and 2-fold rotation axes

1- Symmetry observation in natural crystals



symmetry centre

C

mirror plane

M

A2 A3 A4

rotations

A6

aqua-marine

garnet
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1- Symmetry observation in natural crystals
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M = A2 ✕ C

The mirror plane is a roto-inversion of order 2

1- Symmetry observation in natural crystals What is a mirror plane? 
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A2 A3 A4 A6A1

identity

1 2 3 4 6

centre
!1

roto-
inversions

inversion = rotation 

Hermann-Mauguin
symbols

1- Symmetry observation in natural crystals rotations and roto-inversions

rotations this course symbols

Hermann-Mauguin
symbols

this course symbols
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tetrahedrite ©mineral collection Sorbonne University

1- Symmetry observation in natural crystals
roto-inversions

axis 4



Course outline
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11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices



René-Just Haüy
(1784)

Torbern Bergman Cleavage of calcite

Rhombohedron

Jean-Baptiste 
Romé de l’Isle

crystal of quartz

120°

120°

120°

120°

120°

120°

Law of constancy of interfacial angles
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2- Internal cause of the natural crystal shape



’’molécule intégrante’’

law of rational decrements
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primitive solid

2- Internal cause of the natural crystal shape

René-Just Haüy
(1784)
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Gabriel Delafosse

Auguste Bravais 
(1848)

cell

lattice

motif

René-Just Haüy
(1784)

’’molécule intégrante’’

law of rational decrements

primitive solid

2- Internal cause of the natural crystal shape
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11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices
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‘’Given any P point in a crystal,  there is in the medium, 
a discrete, unlimited in the 3 directions of space, 
number of points around which the arrangement 
of atoms is the same, with the same orientation, 
as around point P.’’

×

×

×

×

×

×

×

×

×

×

×

×

P

The Bravais postulate

3 – Crystal lattice, cell, motif

• All the points define the lattice. 

The lattice points do not correspond to any physical entity. 

Do not make the confusion between 
lattice points and atoms! 

• The points are called lattice points (or nodes).
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lattice è basis vectors

The lattice is defined, in 3D, by 3 basis vecteurs 𝑎⃗, 𝑏 and 𝑐
that are non colinear.

All the lattice points are obtained by linear combination:   

𝑡 = u 𝑎⃗ + v 𝑏 + w 𝑐 u, v , w: relative integers

lattice translation

3 – Crystal lattice, cell, motif
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lattice è how to identify a lattice point 

è lattice point 111

è lattice point (120

è lattice point 1(12

3 – Crystal lattice, cell, motif
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basis vectors è cell

3 basis vectors: 𝑎⃗, 𝑏 and 𝑐

6 parameters:
- 3 lengths 𝑎, 𝑏, 𝑐
- 3 angles a, b et g

volume:

3 – Crystal lattice, cell, motif
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2D cell

2 basis vectors: 𝑎⃗ and 𝑏

3 parameters:
- 2 lengths 𝑎, 𝑏
- 1 angle g≥ 90°

O

γ𝑎⃗

𝑏

surface:

3 – Crystal lattice, cell, motif



- CLSF 2026 - 34

Exercize

Does this set of points define a lattice?
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Exercize

Does this set of points define a lattice?
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Exercize

View a primitive square cell



- CLSF 2026 - 43

Exercize

View a square cell that contains 2 lattice points



Conventional centring types of one-, two- and three-dimensional cells

3 – Crystal lattice, cell, motif
1.2. Printed symbols for conventional centring types

BY TH. HAHN

1.2.1. Printed symbols for the conventional centring types of one-, two- and three-dimensional cells

For ‘reflection conditions’, see Tables 2.2.13.1 and 2.2.13.3. For the new centring symbol S, see Note (iii) below.

Printed symbol Centring type of cell
Number of lattice
points per cell Coordinates of lattice points within cell

One dimension

! Primitive 1 0

Two dimensions

p Primitive 1 0, 0
c Centred 2 0, 0; 1

2,
1
2

h* Hexagonally centred 3 0, 0; 2
3,

1
3;

1
3,

2
3

Three dimensions

P Primitive 1 0, 0, 0
C C-face centred 2 0, 0, 0; 1

2,
1
2, 0

A A-face centred 2 0, 0, 0; 0, 1
2,

1
2

B B-face centred 2 0, 0, 0; 1
2, 0, 1

2

I Body centred 2 0, 0, 0; 1
2,

1
2,

1
2

F All-face centred 4 0, 0, 0; 1
2,

1
2, 0; 0, 1

2,
1
2;

1
2, 0, 1

2

R†

Rhombohedrally centred
(description with ‘hexagonal axes’)
Primitive
(description with ‘rhombohedral axes’)

!
"#

"$

3

1

0, 0, 0; 2
3 , 1

3 , 1
3 ; 1

3 , 2
3 , 2

3 (‘obverse setting’)
0, 0, 0; 1

3 , 2
3 , 1

3 ; 2
3 , 1

3 , 2
3 (‘reverse setting’)

%

0, 0, 0

H‡ Hexagonally centred 3 0, 0, 0; 2
3,

1
3, 0; 1

3,
2
3, 0

* The two-dimensional triple hexagonal cell h is an alternative description of the hexagonal plane net, as illustrated in Fig. 5.1.3.8. It is not used for systematic plane-group
description in this volume; it is introduced, however, in the sub- and supergroup entries of the plane-group tables (Part 6). Plane-group symbols for the h cell are listed in
Chapter 4.2. Transformation matrices are contained in Table 5.1.3.1.
† In the space-group tables (Part 7), as well as in IT (1935) and IT (1952) [for reference notation, see footnote on first page of Chapter 2.1], the seven rhombohedral R space
groups are presented with two descriptions, one based on hexagonal axes (triple cell), one on rhombohedral axes (primitive cell). In the present volume, as well as in
IT (1952), the obverse setting of the triple hexagonal cell R is used. Note that in IT (1935) the reverse setting was employed. The two settings are related by a rotation of the
hexagonal cell with respect to the rhombohedral lattice around a threefold axis, involving a rotation angle of 60!, 180! or 300! (cf. Fig. 5.1.3.6). Further details may be found
in Chapter 2.1, Section 4.3.5 and Chapter 9.1. Transformation matrices are contained in Table 5.1.3.1.
‡ The triple hexagonal cell H is an alternative description of the hexagonal Bravais lattice, as illustrated in Fig. 5.1.3.8. It was used for systematic space-group description in
IT (1935), but replaced by P in IT (1952). In the space-group tables of this volume (Part 7), it is only used in the sub- and supergroup entries (cf. Section 2.2.15). Space-group
symbols for the H cell are listed in Section 4.3.5. Transformation matrices are contained in Table 5.1.3.1.

1.2.2. Notes on centred cells

(i) The centring type of a cell may change with a change of the
basis vectors; in particular, a primitive cell may become a centred
cell and vice versa. Examples of relevant transformation matrices
are contained in Table 5.1.3.1.

(ii) Section 1.2.1 contains only those conventional centring
symbols which occur in the Hermann–Mauguin space-group
symbols. There exist, of course, further kinds of centred cells

which are unconventional; an interesting example is provided by
the triple rhombohedral D cell, described in Section 4.3.5.3.

(iii) For the use of the letter S as a new general, setting-
independent ‘centring symbol’ for monoclinic and orthorhombic
Bravais lattices see Chapter 2.1, especially Table 2.1.2.1, and de
Wolff et al. (1985).

(iv) Symbols for crystal families and Bravais lattices in one, two
and three dimensions are listed in Table 2.1.2.1 and are explained in
the Nomenclature Report by de Wolff et al. (1985).

4
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description in this volume; it is introduced, however, in the sub- and supergroup entries of the plane-group tables (Part 6). Plane-group symbols for the h cell are listed in
Chapter 4.2. Transformation matrices are contained in Table 5.1.3.1.
† In the space-group tables (Part 7), as well as in IT (1935) and IT (1952) [for reference notation, see footnote on first page of Chapter 2.1], the seven rhombohedral R space
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IT (1935), but replaced by P in IT (1952). In the space-group tables of this volume (Part 7), it is only used in the sub- and supergroup entries (cf. Section 2.2.15). Space-group
symbols for the H cell are listed in Section 4.3.5. Transformation matrices are contained in Table 5.1.3.1.

1.2.2. Notes on centred cells

(i) The centring type of a cell may change with a change of the
basis vectors; in particular, a primitive cell may become a centred
cell and vice versa. Examples of relevant transformation matrices
are contained in Table 5.1.3.1.

(ii) Section 1.2.1 contains only those conventional centring
symbols which occur in the Hermann–Mauguin space-group
symbols. There exist, of course, further kinds of centred cells

which are unconventional; an interesting example is provided by
the triple rhombohedral D cell, described in Section 4.3.5.3.

(iii) For the use of the letter S as a new general, setting-
independent ‘centring symbol’ for monoclinic and orthorhombic
Bravais lattices see Chapter 2.1, especially Table 2.1.2.1, and de
Wolff et al. (1985).

(iv) Symbols for crystal families and Bravais lattices in one, two
and three dimensions are listed in Table 2.1.2.1 and are explained in
the Nomenclature Report by de Wolff et al. (1985).
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2D cells

3D cells

primitive cell and supercells

tab.1.2.1
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Translations Cell Lattice type Cell Multiplicity

primitive (or simple) P 1

centred on face A 2

centred on face B 2

centred on face C 2

all-faces centred F 4

body centred I 2

è 4 lattice types (i.e. 4 translation groups)

3 – Crystal lattice, cell, motif

3D primitive cell and supercells

0

0

0

0
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motif

motif

3 – Crystal lattice, cell, motif

primitive-cell content

one atom or a set of atoms 
attached to each lattice point
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crystal

lattice motifcrystal

3 – Crystal lattice, cell, motif



- CLSF 2026 - 52

reproduction of periodic drawing  n°110 
by Escher 
(ink and watercolor, 1961)

Exercize

Determine the motif



Course outline

- CLSF 2026 - 53

11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices
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lattice direction4 – Lattice direction and planes

A line passing through two lattice points corresponds to a lattice direction 
à It contains an infinity of lattice points

Indexing directions:

Any line is parallel to a particular line passing 
through the origin lattice point and 
through another lattice point of coordinates (u, v, w).

è lattice direction [uvw]



- CLSF 2026 - 55

lattice direction [021]

lattice direction4 – Lattice direction and planes



- CLSF 2026 - 56

lattice direction [(320] or [3(20]

O

!320

3!20

in projection along [001]  (here perpendicular to 𝑎 and 𝑏 )

lattice direction4 – Lattice direction and planes
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[100] [010] [001]

lattice direction4 – Lattice direction and planes



- CLSF 2026 - 58

Exercize

0

?Give the [uvw] indices of the lattice direction 
corresponding to the line passing through 
lattice points 100 and 001 .



- CLSF 2026 - 59

lattice planes
4 – Lattice direction and planes

Lattice plane: any plane passing through 3 non colinear lattice points

àA lattice plane contains an infinity of lattice points and forms a 2D lattice.



- CLSF 2026 - 60

Lattice-plane family: infinity of equidistant and parallel lattice planes.

à A lattice-plane family contains all the lattice points of the 3D lattice.

lattice planes
4 – Lattice direction and planes
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A lattice-plane family is labeled (hkl)

h, k and l are Miller indices, 
which are relative prime 
integer numbers.

axis [100] cut in a/1
axis [010] cut in b/2
axis [001] cut in c/3

è lattice-plane family (123)

lattice planes
4 – Lattice direction and planes
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(hkl) refers to as the lattice-plane family

such as the plane of the family that is

the closest to the lattice-origin point, 

cuts (Ox) axis in a/h, 

(Oy) axis in b/k and

(Oz) axis in c/l.

projection in plane (0, a, b)

O x

y

here h = 1, k = -2 and l = 0 
à lattice-plane family (120)

A lattice-plane family is labeled (hkl)

lattice planes
4 – Lattice direction and planes
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Exercize

00

1. Trace a plane of the (001) family 2.  Trace a plane of the (221) family
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dhkl

projection in plane (001)

x

yd-spacing: 

distance between 

two consecutive planes belonging to 

the same (hkl) family,

noted dhkl.

lattice planes
4 – Lattice direction and planes



Course outline

- CLSF 2026 - 65

11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices



Définition

- CLSF 2026 -

Given a direct lattice with basis vectors    , and . 
The corresponding reciprocal lattice is defined by       ,      and such that:

66

- makes easier some crystallographic calculations
- naturally derived from the diffraction theory 
for any radiation (X, neutrons, electrons)

In crystallography:
In solid-state  physics:

Nature Materials  10,   890–896  
(2011)

5 – Reciprocal lattice
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V

hence 

length unit: Å-1 or nm-1

so where is a constant

then 

we know that 

Hence

And in the same way:

5 – Reciprocal lattice
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We can show1:  V V★ = 1

1 To do so, we express V as a function of a, b and c. 
Then, we use the following formula of the 3-vector product: A×(B×C)=(A.C)B-(A.B)C

We can show:  

Any plane of the direct lattice belonging to the family (hkl) corresponds 
to a direction of the reciprocal lattice of the same indices, [hkl]*, which is 
perpendicular to (hkl). 

5 – Reciprocal lattice relationship with the direct lattice 
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examples

Reciprocal space

𝒂★

𝒃★

𝒄★

Direct space

(𝒃, 𝒄)

(𝒄, 𝒂)

(𝒂, 𝒃)

//  [100]★

//  [010]★

//  [001]★

= (100)

= (010)

= (001)

5 – Reciprocal lattice relationship with the direct lattice 
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d-spacing calculation:  

andwhere

5 – Reciprocal lattice relationship with the direct lattice 

In a cubic lattice:
<latexit sha1_base64="OuxKC+WetPuBOKnoXWxu+69Mpqo="></latexit>

dhkl =
1q

4
3

�
h2+k2+hk

a2

�
+ l2

c2

In a hexagonal lattice:



- CLSF 2026 - 71

Condition to have (hkl) parallel to [uvw]:

thus

è scalar product equal to zero

with

and

5 – Reciprocal lattice relationship with the direct lattice 



Course outline
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11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices
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Ø on each lattice point

Ø in the middle of each cell edge

Ø in the middle of each cell face

Ø in the center of each cell

Any lattice is 
centrosymmetric
with centres:

centrosymmetry6 – Crystal lattice & symmetries



Ø in the middle of each cell edge

Ø on each lattice point

Ø in the middle of each cell face

Ø in the middle of each cell

- CLSF 2026 - 74

Any lattice is 
centrosymmetric
with centres:

centrosymmetry6 – Crystal lattice & symmetries
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Are other values of n possible?

rotation axes An of angle

A2 A3 A4 A6

The rotation axes compatible with the crystal lattice

6 – Crystal lattice & symmetries



- CLSF 2026 - 76

The rotation axes compatible with the crystal lattice

A

axis An of angle φ

B

φ

B’

in A

6 – Crystal lattice & symmetries



- CLSF 2026 - 78

φ

A B

-φ

A’B’

axis An of angle φ in A in B

The rotation axes compatible with the crystal lattice6 – Crystal lattice & symmetries



- CLSF 2026 - 80

A B

B’ A’

What are the possible values of φ?

B’A’ = k AB     with k an integer

?

?

B’A’ = AB + 2 AB’ sinθ where  θ= φ – π/2

-φφ
θ θ

= AB ( 1 – 2 cosφ ) 

The rotation axes compatible with the crystal lattice6 – Crystal lattice & symmetries



- CLSF 2026 - 81

B’A’ = k AB

?
B’A’ = ( 1 – 2 cosφ ) AB

with - 1 ≤ cosφ ≤ +1

cosφ = 1 - k
2

identification

The rotation axes compatible with the crystal lattice6 – Crystal lattice & symmetries

What are the possible values of φ?



- CLSF 2026 - 82

cosφ = 1 - k
2

k

φ = 2π
n

n

0

6

π
3

1
2

1

4

0

π
2

2

3

1
2

-

2π
3

3

2

-1

π

4

impossible!

-1

1

0

1

identity

The rotation axes compatible with the crystal lattice6 – Crystal lattice & symmetries



Course outline

- CLSF 2026 - 83

13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape
3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice
6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices



Conventional centring types of one-, two- and three-dimensional cells

1.2. Printed symbols for conventional centring types
BY TH. HAHN

1.2.1. Printed symbols for the conventional centring types of one-, two- and three-dimensional cells

For ‘reflection conditions’, see Tables 2.2.13.1 and 2.2.13.3. For the new centring symbol S, see Note (iii) below.

Printed symbol Centring type of cell
Number of lattice
points per cell Coordinates of lattice points within cell

One dimension

! Primitive 1 0

Two dimensions

p Primitive 1 0, 0
c Centred 2 0, 0; 1

2,
1
2

h* Hexagonally centred 3 0, 0; 2
3,

1
3;

1
3,

2
3

Three dimensions

P Primitive 1 0, 0, 0
C C-face centred 2 0, 0, 0; 1

2,
1
2, 0

A A-face centred 2 0, 0, 0; 0, 1
2,

1
2

B B-face centred 2 0, 0, 0; 1
2, 0, 1

2

I Body centred 2 0, 0, 0; 1
2,

1
2,

1
2

F All-face centred 4 0, 0, 0; 1
2,

1
2, 0; 0, 1

2,
1
2;

1
2, 0, 1

2

R†

Rhombohedrally centred
(description with ‘hexagonal axes’)
Primitive
(description with ‘rhombohedral axes’)

!
"#

"$

3

1

0, 0, 0; 2
3 , 1

3 , 1
3 ; 1

3 , 2
3 , 2

3 (‘obverse setting’)
0, 0, 0; 1

3 , 2
3 , 1

3 ; 2
3 , 1

3 , 2
3 (‘reverse setting’)

%

0, 0, 0

H‡ Hexagonally centred 3 0, 0, 0; 2
3,

1
3, 0; 1

3,
2
3, 0

* The two-dimensional triple hexagonal cell h is an alternative description of the hexagonal plane net, as illustrated in Fig. 5.1.3.8. It is not used for systematic plane-group
description in this volume; it is introduced, however, in the sub- and supergroup entries of the plane-group tables (Part 6). Plane-group symbols for the h cell are listed in
Chapter 4.2. Transformation matrices are contained in Table 5.1.3.1.
† In the space-group tables (Part 7), as well as in IT (1935) and IT (1952) [for reference notation, see footnote on first page of Chapter 2.1], the seven rhombohedral R space
groups are presented with two descriptions, one based on hexagonal axes (triple cell), one on rhombohedral axes (primitive cell). In the present volume, as well as in
IT (1952), the obverse setting of the triple hexagonal cell R is used. Note that in IT (1935) the reverse setting was employed. The two settings are related by a rotation of the
hexagonal cell with respect to the rhombohedral lattice around a threefold axis, involving a rotation angle of 60!, 180! or 300! (cf. Fig. 5.1.3.6). Further details may be found
in Chapter 2.1, Section 4.3.5 and Chapter 9.1. Transformation matrices are contained in Table 5.1.3.1.
‡ The triple hexagonal cell H is an alternative description of the hexagonal Bravais lattice, as illustrated in Fig. 5.1.3.8. It was used for systematic space-group description in
IT (1935), but replaced by P in IT (1952). In the space-group tables of this volume (Part 7), it is only used in the sub- and supergroup entries (cf. Section 2.2.15). Space-group
symbols for the H cell are listed in Section 4.3.5. Transformation matrices are contained in Table 5.1.3.1.

1.2.2. Notes on centred cells

(i) The centring type of a cell may change with a change of the
basis vectors; in particular, a primitive cell may become a centred
cell and vice versa. Examples of relevant transformation matrices
are contained in Table 5.1.3.1.

(ii) Section 1.2.1 contains only those conventional centring
symbols which occur in the Hermann–Mauguin space-group
symbols. There exist, of course, further kinds of centred cells

which are unconventional; an interesting example is provided by
the triple rhombohedral D cell, described in Section 4.3.5.3.

(iii) For the use of the letter S as a new general, setting-
independent ‘centring symbol’ for monoclinic and orthorhombic
Bravais lattices see Chapter 2.1, especially Table 2.1.2.1, and de
Wolff et al. (1985).

(iv) Symbols for crystal families and Bravais lattices in one, two
and three dimensions are listed in Table 2.1.2.1 and are explained in
the Nomenclature Report by de Wolff et al. (1985).
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1.2. Printed symbols for conventional centring types
BY TH. HAHN

1.2.1. Printed symbols for the conventional centring types of one-, two- and three-dimensional cells

For ‘reflection conditions’, see Tables 2.2.13.1 and 2.2.13.3. For the new centring symbol S, see Note (iii) below.

Printed symbol Centring type of cell
Number of lattice
points per cell Coordinates of lattice points within cell

One dimension

! Primitive 1 0

Two dimensions

p Primitive 1 0, 0
c Centred 2 0, 0; 1

2,
1
2

h* Hexagonally centred 3 0, 0; 2
3,

1
3;

1
3,

2
3

Three dimensions

P Primitive 1 0, 0, 0
C C-face centred 2 0, 0, 0; 1

2,
1
2, 0

A A-face centred 2 0, 0, 0; 0, 1
2,

1
2

B B-face centred 2 0, 0, 0; 1
2, 0, 1

2

I Body centred 2 0, 0, 0; 1
2,

1
2,

1
2

F All-face centred 4 0, 0, 0; 1
2,

1
2, 0; 0, 1

2,
1
2;

1
2, 0, 1

2

R†

Rhombohedrally centred
(description with ‘hexagonal axes’)
Primitive
(description with ‘rhombohedral axes’)

!
"#

"$

3

1

0, 0, 0; 2
3 , 1

3 , 1
3 ; 1

3 , 2
3 , 2

3 (‘obverse setting’)
0, 0, 0; 1

3 , 2
3 , 1

3 ; 2
3 , 1

3 , 2
3 (‘reverse setting’)

%

0, 0, 0

H‡ Hexagonally centred 3 0, 0, 0; 2
3,

1
3, 0; 1

3,
2
3, 0

* The two-dimensional triple hexagonal cell h is an alternative description of the hexagonal plane net, as illustrated in Fig. 5.1.3.8. It is not used for systematic plane-group
description in this volume; it is introduced, however, in the sub- and supergroup entries of the plane-group tables (Part 6). Plane-group symbols for the h cell are listed in
Chapter 4.2. Transformation matrices are contained in Table 5.1.3.1.
† In the space-group tables (Part 7), as well as in IT (1935) and IT (1952) [for reference notation, see footnote on first page of Chapter 2.1], the seven rhombohedral R space
groups are presented with two descriptions, one based on hexagonal axes (triple cell), one on rhombohedral axes (primitive cell). In the present volume, as well as in
IT (1952), the obverse setting of the triple hexagonal cell R is used. Note that in IT (1935) the reverse setting was employed. The two settings are related by a rotation of the
hexagonal cell with respect to the rhombohedral lattice around a threefold axis, involving a rotation angle of 60!, 180! or 300! (cf. Fig. 5.1.3.6). Further details may be found
in Chapter 2.1, Section 4.3.5 and Chapter 9.1. Transformation matrices are contained in Table 5.1.3.1.
‡ The triple hexagonal cell H is an alternative description of the hexagonal Bravais lattice, as illustrated in Fig. 5.1.3.8. It was used for systematic space-group description in
IT (1935), but replaced by P in IT (1952). In the space-group tables of this volume (Part 7), it is only used in the sub- and supergroup entries (cf. Section 2.2.15). Space-group
symbols for the H cell are listed in Section 4.3.5. Transformation matrices are contained in Table 5.1.3.1.

1.2.2. Notes on centred cells

(i) The centring type of a cell may change with a change of the
basis vectors; in particular, a primitive cell may become a centred
cell and vice versa. Examples of relevant transformation matrices
are contained in Table 5.1.3.1.

(ii) Section 1.2.1 contains only those conventional centring
symbols which occur in the Hermann–Mauguin space-group
symbols. There exist, of course, further kinds of centred cells

which are unconventional; an interesting example is provided by
the triple rhombohedral D cell, described in Section 4.3.5.3.

(iii) For the use of the letter S as a new general, setting-
independent ‘centring symbol’ for monoclinic and orthorhombic
Bravais lattices see Chapter 2.1, especially Table 2.1.2.1, and de
Wolff et al. (1985).

(iv) Symbols for crystal families and Bravais lattices in one, two
and three dimensions are listed in Table 2.1.2.1 and are explained in
the Nomenclature Report by de Wolff et al. (1985).
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1.2. Printed symbols for conventional centring types
BY TH. HAHN

1.2.1. Printed symbols for the conventional centring types of one-, two- and three-dimensional cells

For ‘reflection conditions’, see Tables 2.2.13.1 and 2.2.13.3. For the new centring symbol S, see Note (iii) below.

Printed symbol Centring type of cell
Number of lattice
points per cell Coordinates of lattice points within cell

One dimension

! Primitive 1 0

Two dimensions

p Primitive 1 0, 0
c Centred 2 0, 0; 1

2,
1
2

h* Hexagonally centred 3 0, 0; 2
3,

1
3;

1
3,

2
3

Three dimensions

P Primitive 1 0, 0, 0
C C-face centred 2 0, 0, 0; 1

2,
1
2, 0

A A-face centred 2 0, 0, 0; 0, 1
2,

1
2

B B-face centred 2 0, 0, 0; 1
2, 0, 1

2

I Body centred 2 0, 0, 0; 1
2,

1
2,

1
2

F All-face centred 4 0, 0, 0; 1
2,

1
2, 0; 0, 1

2,
1
2;

1
2, 0, 1

2

R†

Rhombohedrally centred
(description with ‘hexagonal axes’)
Primitive
(description with ‘rhombohedral axes’)

!
"#

"$

3

1

0, 0, 0; 2
3 , 1

3 , 1
3 ; 1

3 , 2
3 , 2

3 (‘obverse setting’)
0, 0, 0; 1

3 , 2
3 , 1

3 ; 2
3 , 1

3 , 2
3 (‘reverse setting’)

%

0, 0, 0

H‡ Hexagonally centred 3 0, 0, 0; 2
3,

1
3, 0; 1

3,
2
3, 0

* The two-dimensional triple hexagonal cell h is an alternative description of the hexagonal plane net, as illustrated in Fig. 5.1.3.8. It is not used for systematic plane-group
description in this volume; it is introduced, however, in the sub- and supergroup entries of the plane-group tables (Part 6). Plane-group symbols for the h cell are listed in
Chapter 4.2. Transformation matrices are contained in Table 5.1.3.1.
† In the space-group tables (Part 7), as well as in IT (1935) and IT (1952) [for reference notation, see footnote on first page of Chapter 2.1], the seven rhombohedral R space
groups are presented with two descriptions, one based on hexagonal axes (triple cell), one on rhombohedral axes (primitive cell). In the present volume, as well as in
IT (1952), the obverse setting of the triple hexagonal cell R is used. Note that in IT (1935) the reverse setting was employed. The two settings are related by a rotation of the
hexagonal cell with respect to the rhombohedral lattice around a threefold axis, involving a rotation angle of 60!, 180! or 300! (cf. Fig. 5.1.3.6). Further details may be found
in Chapter 2.1, Section 4.3.5 and Chapter 9.1. Transformation matrices are contained in Table 5.1.3.1.
‡ The triple hexagonal cell H is an alternative description of the hexagonal Bravais lattice, as illustrated in Fig. 5.1.3.8. It was used for systematic space-group description in
IT (1935), but replaced by P in IT (1952). In the space-group tables of this volume (Part 7), it is only used in the sub- and supergroup entries (cf. Section 2.2.15). Space-group
symbols for the H cell are listed in Section 4.3.5. Transformation matrices are contained in Table 5.1.3.1.

1.2.2. Notes on centred cells

(i) The centring type of a cell may change with a change of the
basis vectors; in particular, a primitive cell may become a centred
cell and vice versa. Examples of relevant transformation matrices
are contained in Table 5.1.3.1.

(ii) Section 1.2.1 contains only those conventional centring
symbols which occur in the Hermann–Mauguin space-group
symbols. There exist, of course, further kinds of centred cells

which are unconventional; an interesting example is provided by
the triple rhombohedral D cell, described in Section 4.3.5.3.

(iii) For the use of the letter S as a new general, setting-
independent ‘centring symbol’ for monoclinic and orthorhombic
Bravais lattices see Chapter 2.1, especially Table 2.1.2.1, and de
Wolff et al. (1985).

(iv) Symbols for crystal families and Bravais lattices in one, two
and three dimensions are listed in Table 2.1.2.1 and are explained in
the Nomenclature Report by de Wolff et al. (1985).
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1.2. Printed symbols for conventional centring types
BY TH. HAHN

1.2.1. Printed symbols for the conventional centring types of one-, two- and three-dimensional cells

For ‘reflection conditions’, see Tables 2.2.13.1 and 2.2.13.3. For the new centring symbol S, see Note (iii) below.

Printed symbol Centring type of cell
Number of lattice
points per cell Coordinates of lattice points within cell

One dimension

! Primitive 1 0

Two dimensions

p Primitive 1 0, 0
c Centred 2 0, 0; 1

2,
1
2

h* Hexagonally centred 3 0, 0; 2
3,

1
3;

1
3,

2
3

Three dimensions

P Primitive 1 0, 0, 0
C C-face centred 2 0, 0, 0; 1

2,
1
2, 0

A A-face centred 2 0, 0, 0; 0, 1
2,

1
2

B B-face centred 2 0, 0, 0; 1
2, 0, 1

2

I Body centred 2 0, 0, 0; 1
2,

1
2,

1
2

F All-face centred 4 0, 0, 0; 1
2,

1
2, 0; 0, 1

2,
1
2;

1
2, 0, 1

2

R†

Rhombohedrally centred
(description with ‘hexagonal axes’)
Primitive
(description with ‘rhombohedral axes’)

!
"#

"$

3

1

0, 0, 0; 2
3 , 1

3 , 1
3 ; 1

3 , 2
3 , 2

3 (‘obverse setting’)
0, 0, 0; 1

3 , 2
3 , 1

3 ; 2
3 , 1

3 , 2
3 (‘reverse setting’)

%

0, 0, 0

H‡ Hexagonally centred 3 0, 0, 0; 2
3,

1
3, 0; 1

3,
2
3, 0

* The two-dimensional triple hexagonal cell h is an alternative description of the hexagonal plane net, as illustrated in Fig. 5.1.3.8. It is not used for systematic plane-group
description in this volume; it is introduced, however, in the sub- and supergroup entries of the plane-group tables (Part 6). Plane-group symbols for the h cell are listed in
Chapter 4.2. Transformation matrices are contained in Table 5.1.3.1.
† In the space-group tables (Part 7), as well as in IT (1935) and IT (1952) [for reference notation, see footnote on first page of Chapter 2.1], the seven rhombohedral R space
groups are presented with two descriptions, one based on hexagonal axes (triple cell), one on rhombohedral axes (primitive cell). In the present volume, as well as in
IT (1952), the obverse setting of the triple hexagonal cell R is used. Note that in IT (1935) the reverse setting was employed. The two settings are related by a rotation of the
hexagonal cell with respect to the rhombohedral lattice around a threefold axis, involving a rotation angle of 60!, 180! or 300! (cf. Fig. 5.1.3.6). Further details may be found
in Chapter 2.1, Section 4.3.5 and Chapter 9.1. Transformation matrices are contained in Table 5.1.3.1.
‡ The triple hexagonal cell H is an alternative description of the hexagonal Bravais lattice, as illustrated in Fig. 5.1.3.8. It was used for systematic space-group description in
IT (1935), but replaced by P in IT (1952). In the space-group tables of this volume (Part 7), it is only used in the sub- and supergroup entries (cf. Section 2.2.15). Space-group
symbols for the H cell are listed in Section 4.3.5. Transformation matrices are contained in Table 5.1.3.1.

1.2.2. Notes on centred cells

(i) The centring type of a cell may change with a change of the
basis vectors; in particular, a primitive cell may become a centred
cell and vice versa. Examples of relevant transformation matrices
are contained in Table 5.1.3.1.

(ii) Section 1.2.1 contains only those conventional centring
symbols which occur in the Hermann–Mauguin space-group
symbols. There exist, of course, further kinds of centred cells

which are unconventional; an interesting example is provided by
the triple rhombohedral D cell, described in Section 4.3.5.3.

(iii) For the use of the letter S as a new general, setting-
independent ‘centring symbol’ for monoclinic and orthorhombic
Bravais lattices see Chapter 2.1, especially Table 2.1.2.1, and de
Wolff et al. (1985).

(iv) Symbols for crystal families and Bravais lattices in one, two
and three dimensions are listed in Table 2.1.2.1 and are explained in
the Nomenclature Report by de Wolff et al. (1985).

4

International Tables for Crystallography (2006). Vol. A, Chapter 1.2, p. 4.

Copyright  2006 International Union of Crystallography

2D cells

3D cells

primitive cell and supercells

tab.1.2.1

7 – Conventional cell (=unit cell)

The unit cell can be a larger cell than the primitive cell…

- CLSF 2026 - 84
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View 2 primitive cells of different shapes

7 – Conventional cell (=unit cell)

Exercize

View a centred cell



- CLSF 2026 - 91

cell 1: primitive

cell 2: primitive

cell 3: double
A2 M M’

A2 M M’

A2

,  

,  

, 

7 – Conventional cell (=unit cell)
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7 – Conventional cell (=unit cell)
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conventional cell or unit cell

• its axes are parallel
to symmetry directions of the lattice

• it has the symmetry as the lattice

• it can be a supercell (it is not always primitive)

7 – Conventional cell (=unit cell)



Course outline
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11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices
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The possible ‘’combinations’’ of the 10 rotations and roto-inversions form 
the 32 crystallographic point groups, 

also called the 32 classes of orientation symmetry. 

crystallographic point group: set of symmetry elements that leave a central point fixed

8 – The 32 crystallographic point groups

è it is important to know, for a given point group, the equivalent 
directions by the symmetry operations that define the group.

The symmetry of the macroscopic physical properties of a crystal is governed by its 
crystallographic point group.

physical properties sensitive to direction symmetries (invariant under translations)



- CLSF 2026 - 96

• The groups containing MORE than one An axis with n>2 
è the 5 cubic groups

• The other groups 
è the 27 non-cubic groups

2 CATEGORIES:

• We already know 10! è 1-generator group

• 2- or 3-generator groups

8 – The 32 crystallographic point groups
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1-generator point groups

8 – The 32 crystallographic point groups
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A useful tool: the stereographic projection
way of representing geometric objects of the 3D space
(sphere and symmetry elements passing through its centre) 
into a 2D picture

P

●

●

N

S

�O

P’

equatorial plane

8 – The 32 crystallographic point groups stereographic projection
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• Given a half-line OP in the North hemisphere
starting from O and crossing the sphere in point P.

• The stereographic projection of OP is the 
intersection point of [PS] with the equatorial plane.

• Given a half-line OP’ in the South hemisphere
starting from O and crossing the sphere in point P’.

•The stereographic projection of OP’ is the 
intersection point of [P’N] with the equatorial plane.

• It is represented by a small circle: ¢.

• It is represented (here) by a dot: ●.

8 – The 32 crystallographic point groups

stereographic projection
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8 – The 32 crystallographic point groups stereographic projection

A2    North-South axis
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8 – The 32 crystallographic point groups stereographic projection

A2      North-South axis
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8 – The 32 crystallographic point groups stereographic projection

2 equivalent
directions 

Symmetry centre
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8 – The 32 crystallographic point groups stereographic projection

90°

90° 90°

90°

A4    North-South axis
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4 axis 4

90°

90° 90°

90°

1

2

3

4

1 3

2 4

stereographic projection8 – The 32 crystallographic point groups
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M    North-South axis

stereographic projection8 – The 32 crystallographic point groups
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M      North-South axis

stereographic projection8 – The 32 crystallographic point groups
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1-generator point groups

stereographic projection8 – The 32 crystallographic point groups



2-generator point groups
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generator 1 generator 2

A2

A3

A4

A6

M
C

A3

A4

A6

C

A2

M

ou à An et An

14 non-cubic
point groups 

with 
2 generators

8 – The 32 crystallographic point groups



1

2

4

3

?1 2  :

?1 3  :

?1 4  :

109

A2 & C

Exercize
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A2 & C

111

Exercize

- CLSF 2026 -

1 2  :

1 3  :

1 4  : M

A2 C
M



1

2 6

5

3

8 4

7

8 equivalent
directions

112

A4 & M

Exercize
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1

2 6

5

3

8 4

7

1 7

2 8

3 5

4 6

M

113

A4 & M

Exercize
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1

2 6

5

3

8 4

7

1 6

2 7

3 8

4 5

M’

114

A4 & M

Exercize
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1

2 6

5

3

8 4

7

1 8

2 5

3 6

4 7

M’

115

A4 & M

Exercize
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A4 2 M 2 M’

116

A4 & M

Exercize
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A4 & M
A4 2 M 2 M’

117

Exercize
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8 – The 32 crystallographic point groups

2-generator point groups
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8 – The 32 crystallographic point groups

3-generator point groups



Exercize Determine the symmetry operations that lead to the 8 equivalent directions
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8 – The 32 crystallographic point groups 27 non-cubic point groups
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They contain at least 4 A3 (oriented along the <111> directions) 
and 3 A2 (oriented along the <100> directions)

2 3 T rotation group of the regular tetrahedron

obtained by adding a centre to 2 3  Th

obtained from 2 3 by replacing A2 by A4
rotation group of the regular octahedron4 3 2 O

obtained by adding a centre to 4 3 2
symmetry group of the regular octahedronOh

Td
obtained from 2 3 by replacing A2 par A4
symmetry group of the regular tetrahedron

5 cubic point groups8 – The 32 crystallographic point groups
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5 cubic point groups8 – The 32 crystallographic point groups



Course outline
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11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices
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cubic system

a = b = c

a = b = g = 90°

holohedry

9 – The 7 crystal systems

We can classify the 32 crystallographic point groups in 7 crystal systems.



NaCl
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crystal symmetry ≤ lattice symmetry

ZnS - blende

9 – The 7 crystal systems

We can classify the 32 crystallographic point groups in 7 crystal systems.
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Among the 27 non-cubic point groups, 

what are those that define a crystal lattice 

with specific cell-parameters restrictions ?

9 – The 7 crystal systems
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any lattice is centrosymmetric

crystal symmetry ≤ lattice symmetry

9 – The 7 crystal systems

We can classify the 32 crystallographic point groups in 7 crystal systems.



11
Laue 
classes 

131



a = b g = 90°

a = b = 90°

tetragonal system

direction [001]
directions [100] and [010]
directions [110] and [110]

holohedry
132

A4 è 

M ⊥ A4 è 

a = b

g = 90°a = b =

direction [001]
directions [100] & [010]
directions [110] & [110]

tetragonal system



11
Laue 
Classes 
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a = g = 90°

monoclinic system
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a = b = g = 90°

orthorhombic system

direction [100]

direction [010]

direction [001]
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direction [001]

a = b
g = 120°

a = b = 90°

hexagonal system

directions 
[100], [010], [110]

directions 
[110], [120], [210]holohedry

136

A6 è 

M ⊥ A6 è 
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11
Laue
Classes 

137



rhombohedral cell

a = b = g

trigonal system

a = b = c
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trigonal system
point groups compatible 

with
hexagonal axes
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rhombohedral axes

calcite

a-quartz



triclinic system
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We have classified the 32 point groups according to the 3-dimensional lattice symmetry,
that defines 2 criteria:

1. Any lattice is centrosymmetric.
2. Any lattice that has a symmetry axis of order n>2 also presents n mirrors plane 

parallel to this axis.

è The 11 Laue classes (criterion 1) lead to 7 holohedries (criterion 2), which are each associated 
with one crystal system (with spectific restrictions on the cell parameters).

è The other 25 groups have lower symmetry. In order to find the symmetry of their lattice, just add to the 
symmetry elements of the group those which are necessary to satisfy criteria 1 and 2.

9 – The 7 crystal systems

crystal symmetry ≤ lattice symmetry

Classification of the 32 point groups
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Classification of the 32 point groups9 – The 7 crystal systems

1

2

3

4

5

6

7



Course outline
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11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices
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èWhen the most symmetric cell is the smallest,
the conventional cell is primitive.

è When the most symmetric is not the smallest, 
the conventional cell is a supercell.

ex: fcc cell

10 – The 14 Bravais lattices

1 Bravais lattice è 1 conventional cell = unit cell = holohedral cell

Conventional cell = unit cell (the cell chosen to define a crystal lattice): 
smallest volume with the same symmetry as the lattice 
and defined by 3 basis-vectors a, b and c.
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Translations Cell Lattice type Cell Multiplicity

primitive (or simple) P 1

centred on face A 2

centred on face B 2

centred on face C 2

all-faces centred F 4

body centred I 2

è 4 lattice types (i.e. 4 translation groups)

3D primitive cell and supercells

0

0

0

0

10 – The 14 Bravais lattices
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Bravais lattice: associates a crystal system with a lattice type

7 crystal systems
4 lattice types

28 possibilities? 

è only 14 Bravais lattices
holohedry

?

yes

Bravais lattice 
of primitive cell

no

Bravais lattice
of supercell

Is the starting
in the new primitive cell  

conserved

10 – The 14 Bravais lattices
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Cubic system

lower symmetry than
è The face-centered cubic lattice exists! 
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10 – The 14 Bravais lattices
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10 – The 14 Bravais lattices

Cubic system

• cubic P ( cP )

• cubic I ( cI )

• cubic F ( cF )

3 Bravais lattices
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• tetragonal P ( tP )

• tetragonal I ( tI )

Tetragonal system

10 – The 14 Bravais lattices

2 Bravais lattices

Why doesn’t the tetragonal C Bravais lattice exist?

è It is equivalent to tetragonal P Bravais lattice

a

c

It is possible to define
a smaller tetragonal cell 
with parameters
a’ = a / √2
c’ = c

Exercize

a

a’ 
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• orthorhombic P ( o P )
• orthorhombic I ( oI )

• orthorhombic with
centred base ( oS )

oA

• orthorhombic F ( oF )

oB oC

10 – The 14 Bravais lattices

Orthorhombic system

4 Bravais lattices

Monoclinic system

2 Bravais lattices

• monoclinic P ( m P )
• monoclinic

with double cell ( mS )

mC mA mI

unique axis
<latexit sha1_base64="Li3DHiTN2KE/ToiqRSK9OSvOc+w="></latexit>

~b

• triclinic P ( aP )

‘’anortic’’Triclinic system

6

7

8

9

10

11

12
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è hexagonal primitive (hP)

rhombohedral axes  (rhombohedral cell)

hexagonal axes (hexagonal primitive cell)

but in pratice, hR lattice are commonly described using 
a triple hexagonal cell

10 – The 14 Bravais lattices

Hexagonal system

1 Bravais lattice
do not confuse with the hcp structure of some metals

Trigonal system

è Bravais lattice hR (also primitive)

13

14
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Bravais lattice hR

h R Bravais lattice

10 – The 14 Bravais lattices



triclinic monoclinic orthorhombic trigonal tetragonal hexagonal cubic

aP mP, mS  
(S=A,B,C or I)

oP, oI, oF, oS 
(S=A, B or C)

hR
ou hP

tP, tI hP cP, cI, cF

rhombohedral cell

hexagonal cell

or

153- CLSF 2026 -



Course outline
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11 – The 230 space-groups

1- Symmetry observation in natural crystals

2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif

4 – Lattice direction and planes

5 – Reciprocal lattice

6 – Crystal lattice & symmetries

7 – Conventional cell (unit cell)

8 – The 32 crystallographic point groups

9 – The 7 crystal systems

10 – The 14 Bravais lattices
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Orientation symmetry è 32 crystallographic point groups
set of the symmetry operations that let invariant crystal morphology 
and its physical properties

7 crystal systems (6 crystal families)

+ 4 lattice types 
(translation groups)

14 Bravais lattices

Position symmetry è the 230 space groups

set of the symmetry operations that let invariant the atomic structure

11 – Space groups
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International Tables of Crystallography: an example of space group

?

?

?to know how to use this section

11 – Space groups
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The symmorphic groups (73) 

Association of the symmetry elements of the crystallographic point groups with the Bravais 
lattice translation groups: the generators are neither screw axes nor glide planes)

Hermann-Mauguin symbols: Lattice-type letter (P, A, B, C, I, F, R) followed by 
the Hermann-Mauguin symbol of the crystallographic point group 

examples : P m m m, F m m m, P 4 m m, I 4 m m

- CLSF 2026 -

11 – Space groups

The non-symmorphic groups(157) 

Space groups whose generators are screw axes and/or glide planes.

examples :    I b a 2, P 41, P 42 c m



• The 10 symmetry elements of the crystallographic point groups

• New symmetry elements resulting from products:

o à

o à
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position symmetry elements

glide planes

screw axes 

11 – Space groups
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mirrorcase 1:

mirrorcase 2:

oblique / mirrorcase 3:

&        are not lattice translation

mirror plane

Glide plane11 – Space groups
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perpendicular to the screencase 1: with 

any mirror plane       is infinite

Any translation
has no effect on it

Glide plane11 – Space groups
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case 2: with 

✕ ✕✕ ✕

perpendicular to the screen

new mirror plane       at        from the first one

- CLSF 2026 -

Glide plane11 – Space groups
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perpendicular to the screencase 3: with oblique /

Decomposition

where      &       are the components     &    to      .

✕
1’

✕
2’

✕ ✕
1 2

✕
1’’

✕
2’’

changes the nature
of the mirror obtained

by considering      ,
but only if is not a lattice translation. 

glide plane

- CLSF 2026 -

Glide plane11 – Space groups



• Mirror        combined with a translation      parallel to 

• Symmetry element of order 2; associated operation noted

(      is not a lattice translation)

= identity thus with        = 0 or 1

Axial glide planes

lattice translation glide symbol
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Glide plane11 – Space groups
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Type of plane Symbol Translation

Representation

normal to the 
plane of the figure

parallel to the 
plane of the figure

mirror plane

axial glide plane
or or

diagonal glide plane

diamond-type glide plane

- CLSF 2026 -

Glide plane11 – Space groups
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The spacegroup symbol contains 
2 glide planes c
that we can see on the schemes.

glide planes as space group generators

- CLSF 2026 -

perp. to [100]

11 – Space groups
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è Glide plane of type n 
     (diagonal glide) at 

<latexit sha1_base64="Ta5oUpY5lMHRXsy/Vq7xQgruiNg="></latexit>

m ? [100]

I lattice 
<latexit sha1_base64="Lz5YMuHXBMC6sb9FbIyMi6ShyeQ="></latexit>

~t =
~a+~b+ ~c

2
<latexit sha1_base64="iW+EvenMD1oXZbJJRhGlEcoXYJo="></latexit>

~t? =
~a

2
<latexit sha1_base64="yeao+ON/5PGfjcVjCEa/hjx5XfY="></latexit>

~tk =
~b+ ~c

2

<latexit sha1_base64="HC6vzooaEy7vNUHH2jW9sj6QMZ8="></latexit>

~t?
2

[100]

11 – Space groups glide planes generated by lattice type I
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reproduction of periodic drawing  n°110 
by Escher 
(ink and watercolor, 1961)

Exercize

motif = 2 birds and 2 fishes

Determine the 
symmetry element
that permits to go from a 
point of the asymmetric unit 
to an equivalent one

asymmetric unit 
= 

1 bird and 1 fish

1

2

1

2

3
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axis

axiscasse 1:

axiscase 2:

oblique / axiscase 3:

&       are not lattice translations

screw axis11 – Space groups



- CLSF 2026 - 169

case 1: with 

Any axis        is  infinite

has no effect on it

example :   

wether is a lattice translation or not

screw axis11 – Space groups
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case 2: with 

✕

✕

✕

✕

✕

✕
✕

✕

example :   

screw axis11 – Space groups
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✕

✕

✕

✕

✕
✕

✕

1
✕2

4

2’

3

1’

4’
3’

1 1’   :

1 2’   :

1 3’   :

1 4’   :

case 2: with 
example :   

- CLSF 2026 -

screw axis11 – Space groups
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case 2: with 
example :   

bisecting plane perpendicular 
to the segment joining 

both 

= representation

of cyclic group

- CLSF 2026 -

screw axis11 – Space groups
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case 3: with oblique /

✕

✕

✕

✕

✕

✕

✕

✕

Taking       into account

+tǁ

+tǁ

+tǁ

+tǁ

è a component tǁ to z is added

example :   

screw axes

- CLSF 2026 -

Adding      changes the nature
of axes       &       obtained

by considering      ,
if is not

a lattice translation. 

11 – Space groups screw axis



• Rotation axis         of order     combined with translation     parallel to           

• Associate operation noted

(     is not lattice translation)

…

soit où
An order 1 2 3 4 6

Translation

Hermann-
Mauguin symbol

Representation

- CLSF 2026 - 177

11 – Space groups screw axis
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axis

axiscase 1:

axiscase 2:

oblique / axiscase 3:

no effect

new rotation axes
in the bisecting plane perpendicular
to the segment joining axis and 
its image by application of

Change of the new axes
nature 
if is not a lattice translation

- CLSF 2026 -

11 – Space groups screw axis
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11 – Space groups screw axis generated by lattice type I

I lattice 
<latexit sha1_base64="Lz5YMuHXBMC6sb9FbIyMi6ShyeQ="></latexit>

~t =
~a+~b+ ~c

2

<latexit sha1_base64="c4Qj9mfesSLp2+PCGP7kvjstjgw="></latexit>

A2 k [001]

<latexit sha1_base64="GHQMw7ijSHs1yLFR2OCplq0EMPQ="></latexit>

~tk =
~c

2

<latexit sha1_base64="fnqw7UXnMz1Zk4q+fYoUn1pqS7c="></latexit>

~t? =
~a+~b

2

è Screw axis 21 at 
<latexit sha1_base64="HC6vzooaEy7vNUHH2jW9sj6QMZ8="></latexit>

~t?
2



✕

in the plane of the screen

✕
✕

✕

✕

¤

π

π

z

z+ 1/2

+1

normal to the plane of the screen

π
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Screw axis 21

✕

✕

✕

✕

✕

✕
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1st space group of point group C4

- CLSF 2026 -

example of 1-generator point group11 – Space groups
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P4

example of 1-generator point group11 – Space groups
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example of 1-generator point group11 – Space groups

P4
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name (symbol) & number of the space group

Schönflies symbol
corresponding
point group

crystal system

origin choice
(drawings and positions)

- CLSF 2026 -

≢ motif
- The symmetry-independent part of the structure
- A rational fraction of the unit cell (related to the 
other part of the unit cell by space group 
symmetry operations)

11 – Space groups
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point group of the site (sub-group of the crystal point group)

Wyckoff letter: identifies the atomic positions, in alphabetic order, 
from the most symmetric (bottom) to the general position without symmetry (top)

multiplicity: number of equivalent positions équivalentes within the unit cell for a given Wyckoff position

cf.  diffraction course 

- CLSF 2026 -

11 – Space groups
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11 – Space groups
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To take a fresh look at all these concepts…

- CLSF 2026 -
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To take a fresh look at all these concepts…
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Tutorial

The crystal structure of corundum a-Al2O3

School on Crystallography and Large Scale Facilities Tutorial

The crystal structure of corundum ↵-Al2O3

In a paper by Ishizawa et al., published in 1980 in Acta Crystallographica B (vol. 36, p.

228), is reported the crystal structure of corundum (↵-Al2O3) at room temperature (and at

2170 K). Answer the following questions by using the data given in the article.

1. What is the space group of corundum?

2. Using the table of the space group, deduce the Bravais lattice of corundum, its crystal

system and its crystallographic point group.

Note that there are two crystal axes settings to describe the structure. In the following,

use the conventionel (usual) one.

3. What are the cell parameter values at 300 K?

4. In which Wycko↵ sites are located the atoms? Give associated multiplicity and local

point groups.

5. Deduce from the latter question the number of Al2O3 formula units in the chosen-setting

cell.

6. Represent the 300 K structure using the Vesta software.

Visualize it in both ball-and-stick model and polyhedral model.

Switch from one setting to another.

Check that the Al-O distances given in the software are equal to those given in the paper.

Generate the X-ray powder diagram.

1
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R 3̄c D6
3d 3̄m Trigonal

No. 167 R 3̄2/c Patterson symmetry R 3̄m

HEXAGONAL AXES

Origin at centre (3̄) at 3̄c

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
12 ; x ≤ (1 + y)/2; y ≤ min(1 − x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0
0,0, 1

12
1
2 ,0, 1

12
2
3 ,

1
3 ,

1
12

1
3 ,

2
3 ,

1
12 0, 1

2 ,
1
12

548

International Tables for Crystallography (2006). Vol. A, Space group 167, pp. 548–551.

Copyright  2006 International Union of Crystallography

CONTINUED No. 167 R 3̄c

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x,x, 1

4 (5) 2 x,0, 1
4 (6) 2 0,y, 1

4

(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0
(10) c x, x̄,z (11) c x,2x,z (12) c 2x,x,z

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3) (2) 3+(0,0, 1

3)
1
3 ,

1
3 ,z (3) 3−(0,0, 1

3)
1
3 ,0,z

(4) 2( 1
2 ,

1
2 ,0) x,x − 1

6 ,
5
12 (5) 2( 1

2 ,0,0) x, 1
6 ,

5
12 (6) 2 1

3 ,y,
5

12

(7) 1̄ 1
3 ,

1
6 ,

1
6 (8) 3̄+ 1

3 ,− 1
3 ,z; 1

3 ,− 1
3 ,

1
6 (9) 3̄− 1

3 ,
2
3 ,z; 1

3 ,
2
3 ,

1
6

(10) g( 1
6 ,− 1

6 ,
5
6 ) x + 1

2 , x̄,z (11) g( 1
6 ,

1
3 ,

5
6 ) x + 1

4 ,2x,z (12) g( 2
3 ,

1
3 ,

5
6 ) 2x,x,z

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3) (2) 3+(0,0, 2

3) 0, 1
3 ,z (3) 3−(0,0, 2

3)
1
3 ,

1
3 ,z

(4) 2( 1
2 ,

1
2 ,0) x,x + 1

6 ,
1
12 (5) 2 x, 1

3 ,
1
12 (6) 2(0, 1

2 ,0) 1
6 ,y,

1
12

(7) 1̄ 1
6 ,

1
3 ,

1
3 (8) 3̄+ 2

3 ,
1
3 ,z; 2

3 ,
1
3 ,

1
3 (9) 3̄− − 1

3 ,
1
3 ,z; − 1

3 ,
1
3 ,

1
3

(10) g(− 1
6 ,

1
6 ,

1
6 ) x + 1

2 , x̄,z (11) g( 1
3 ,

2
3 ,

1
6 ) x,2x,z (12) g( 1

3 ,
1
6 ,

1
6 ) 2x − 1

2 ,x,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

36 f 1 (1) x,y,z (2) ȳ,x − y,z (3) x̄ + y, x̄,z
(4) y,x, z̄ + 1

2 (5) x − y, ȳ, z̄+ 1
2 (6) x̄, x̄ + y, z̄+ 1

2

(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x − y,x, z̄
(10) ȳ, x̄,z+ 1

2 (11) x̄ + y,y,z+ 1
2 (12) x,x − y,z+ 1

2

hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n, l = 2n
000l : l = 6n
hh̄00 : h = 3n

Special: as above, plus

18 e . 2 x,0, 1
4 0,x, 1

4 x̄, x̄, 1
4 x̄,0, 3

4 0, x̄, 3
4 x,x, 3

4 no extra conditions

18 d 1̄ 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,

1
2 hkil : l = 2n

12 c 3 . 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkil : l = 2n

6 b 3̄ . 0,0,0 0,0, 1
2 hkil : l = 2n

6 a 3 2 0,0, 1
4 0,0, 3

4 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p2
a′ = 1

6(2a + 4b+ c) b′ = 1
6(−a − 2b+ c)

Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0
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R 3̄c No. 167 CONTINUED

HEXAGONAL AXES

Maximal non-isomorphic subgroups
I [2] R3c (161) (1; 2; 3; 10; 11; 12)+

[2] R32 (155) (1; 2; 3; 4; 5; 6)+
[2] R 3̄1 (R 3̄, 148) (1; 2; 3; 7; 8; 9)+{
[3] R12/c (C 2/c, 15) (1; 4; 7; 10)+
[3] R12/c (C 2/c, 15) (1; 5; 7; 11)+
[3] R12/c (C 2/c, 15) (1; 6; 7; 12)+

IIa





[3] P 3̄c1 (165) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[3] P 3̄c1 (165) 1; 2; 3; 10; 11; 12; (4; 5; 6; 7; 8; 9)+ ( 2

3 ,
1
3 ,

1
3 )

[3] P 3̄c1 (165) 1; 2; 3; 10; 11; 12; (4; 5; 6; 7; 8; 9)+ ( 1
3 ,

2
3 ,

2
3 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [4] R 3̄c (a′ = −2a,b′ = −2b) (167); [5] R 3̄c (a′ = −a,b′ = −b,c′ = 5c) (167)

Minimal non-isomorphic supergroups
I [4] Pn 3̄n (222); [4] Pm 3̄n (223); [4] F m 3̄c (226); [4] F d 3̄c (228); [4] I a 3̄d (230)
II [2] R 3̄m (a′ = −a,b′ = −b,c′ = 1

2 c) (166); [3] P 3̄ 1c (a′ = 1
3 (2a + b),b′ = 1

3 (−a + b),c′ = 1
3 c) (163)

RHOMBOHEDRAL AXES

Maximal non-isomorphic subgroups
I [2] R3c (161) 1; 2; 3; 10; 11; 12

[2] R32 (155) 1; 2; 3; 4; 5; 6
[2] R 3̄1 (R 3̄, 148) 1; 2; 3; 7; 8; 9{
[3] R12/c (C 2/c, 15) 1; 4; 7; 10
[3] R12/c (C 2/c, 15) 1; 5; 7; 11
[3] R12/c (C 2/c, 15) 1; 6; 7; 12

IIa none
IIb [3] P 3̄c1 (a′ = a − b,b′ = b− c,c′ = a + b+ c) (165)

Maximal isomorphic subgroups of lowest index
IIc [4] R 3̄c (a′ = −a + b+ c,b′ = a − b+ c,c′ = a + b− c) (167); [5] R 3̄c (a′ = a + 2b+ 2c,b′ = 2a + b+ 2c,c′ = 2a + 2b+ c) (167)

Minimal non-isomorphic supergroups
I [4] Pn 3̄n (222); [4] Pm 3̄n (223); [4] F m 3̄c (226); [4] F d 3̄c (228); [4] I a 3̄d (230)
II [2] R 3̄m (a′ = 1

2 (−a + b+ c),b′ = 1
2(a − b+ c),c′ = 1

2(a + b− c)) (166);
[3] P 3̄1c (a′ = 1

3(2a − b− c),b′ = 1
3 (−a + 2b− c),c′ = 1

3 (a + b+ c)) (163)

550

R 3̄c No. 167 CONTINUED

HEXAGONAL AXES

Maximal non-isomorphic subgroups
I [2] R3c (161) (1; 2; 3; 10; 11; 12)+

[2] R32 (155) (1; 2; 3; 4; 5; 6)+
[2] R 3̄1 (R 3̄, 148) (1; 2; 3; 7; 8; 9)+{
[3] R12/c (C 2/c, 15) (1; 4; 7; 10)+
[3] R12/c (C 2/c, 15) (1; 5; 7; 11)+
[3] R12/c (C 2/c, 15) (1; 6; 7; 12)+

IIa





[3] P 3̄c1 (165) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[3] P 3̄c1 (165) 1; 2; 3; 10; 11; 12; (4; 5; 6; 7; 8; 9)+ ( 2

3 ,
1
3 ,

1
3 )

[3] P 3̄c1 (165) 1; 2; 3; 10; 11; 12; (4; 5; 6; 7; 8; 9)+ ( 1
3 ,

2
3 ,

2
3 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [4] R 3̄c (a′ = −2a,b′ = −2b) (167); [5] R 3̄c (a′ = −a,b′ = −b,c′ = 5c) (167)

Minimal non-isomorphic supergroups
I [4] Pn 3̄n (222); [4] Pm 3̄n (223); [4] F m 3̄c (226); [4] F d 3̄c (228); [4] I a 3̄d (230)
II [2] R 3̄m (a′ = −a,b′ = −b,c′ = 1

2 c) (166); [3] P 3̄ 1c (a′ = 1
3 (2a + b),b′ = 1

3 (−a + b),c′ = 1
3 c) (163)

RHOMBOHEDRAL AXES

Maximal non-isomorphic subgroups
I [2] R3c (161) 1; 2; 3; 10; 11; 12

[2] R32 (155) 1; 2; 3; 4; 5; 6
[2] R 3̄1 (R 3̄, 148) 1; 2; 3; 7; 8; 9{
[3] R12/c (C 2/c, 15) 1; 4; 7; 10
[3] R12/c (C 2/c, 15) 1; 5; 7; 11
[3] R12/c (C 2/c, 15) 1; 6; 7; 12

IIa none
IIb [3] P 3̄c1 (a′ = a − b,b′ = b− c,c′ = a + b+ c) (165)

Maximal isomorphic subgroups of lowest index
IIc [4] R 3̄c (a′ = −a + b+ c,b′ = a − b+ c,c′ = a + b− c) (167); [5] R 3̄c (a′ = a + 2b+ 2c,b′ = 2a + b+ 2c,c′ = 2a + 2b+ c) (167)

Minimal non-isomorphic supergroups
I [4] Pn 3̄n (222); [4] Pm 3̄n (223); [4] F m 3̄c (226); [4] F d 3̄c (228); [4] I a 3̄d (230)
II [2] R 3̄m (a′ = 1

2 (−a + b+ c),b′ = 1
2(a − b+ c),c′ = 1

2(a + b− c)) (166);
[3] P 3̄1c (a′ = 1

3(2a − b− c),b′ = 1
3 (−a + 2b− c),c′ = 1

3 (a + b+ c)) (163)
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Trigonal 3̄m D6
3d R 3̄c

Patterson symmetry R 3̄m R 3̄2/c No. 167
RHOMBOHEDRAL AXES
(For drawings see hexagonal axes)

Origin at centre (3̄) at 3̄c

Asymmetric unit 1
4 ≤ x ≤ 5

4 ; 1
4 ≤ y ≤ 5

4 ; 1
4 ≤ z ≤ 3

4 ; y ≤ x; z ≤ min(y, 3
2 − x)

Vertices 1
4 ,

1
4 ,

1
4

5
4 ,

1
4 ,

1
4

5
4 ,

5
4 ,

1
4

3
4 ,

3
4 ,

3
4

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x
(4) 2 x̄+ 1

2 ,
1
4 ,x (5) 2 x, x̄ + 1

2 ,
1
4 (6) 2 1

4 ,y + 1
2 , ȳ

(7) 1̄ 0,0,0 (8) 3̄+ x,x,x; 0,0,0 (9) 3̄− x,x,x; 0,0,0
(10) n( 1

2 ,
1
2 ,

1
2 ) x,y,x (11) n( 1

2 ,
1
2 ,

1
2) x,x,z (12) n( 1

2 ,
1
2 ,

1
2 ) x,y,y

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 f 1 (1) x,y,z (2) z,x,y (3) y,z,x
(4) z̄+ 1

2 , ȳ + 1
2 , x̄ + 1

2 (5) ȳ+ 1
2 , x̄ + 1

2 , z̄+ 1
2 (6) x̄ + 1

2 , z̄+ 1
2 , ȳ + 1

2

(7) x̄, ȳ, z̄ (8) z̄, x̄, ȳ (9) ȳ, z̄, x̄
(10) z+ 1

2 ,y + 1
2 ,x + 1

2 (11) y + 1
2 ,x + 1

2 ,z+ 1
2 (12) x + 1

2 ,z+ 1
2 ,y + 1

2

hhl : l = 2n
hhh : h = 2n

Special: as above, plus

6 e . 2 x, x̄ + 1
2 ,

1
4

1
4 ,x, x̄ + 1

2 x̄+ 1
2 ,

1
4 ,x

x̄,x + 1
2 ,

3
4

3
4 , x̄,x + 1

2 x + 1
2 ,

3
4 , x̄

no extra conditions

6 d 1̄ 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k + l = 2n

4 c 3 . x,x,x x̄ + 1
2 , x̄ + 1

2 , x̄ + 1
2 x̄, x̄, x̄ x + 1

2 ,x + 1
2 ,x + 1

2 hkl : h + k + l = 2n

2 b 3̄ . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

2 a 3 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [111] p6mm
a′ = 1

3(2a − b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p2
a′ = 1

2(a + b− 2c) b′ = 1
2 c

Origin at x, x̄,0

Along [21̄1̄] p2gm
a′ = 1

2 (b− c) b′ = 1
3 (a + b+ c)

Origin at 2x, x̄, x̄

(Continued on preceding page)
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